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Abstract 

Studying the time development of the expectation value in the future-not-included 
complex action theory we point out that the momentum relation (relation analogous to 
p = ^), which was derived via Feynman path integral and was shown to be right in the 
future-included theory in our previous papers, is not valid in the future-not-included 
theory. We provide the correct momentum relation in the future-not-included theory, 
and argue that the future-not-included classical theory is described by a certain real 
action. In addition we provide another way to understand the time development of 
the future-not-included theory by utilizing the future-included theory. Furthermore, 
applying the method used in our previous paper to the future-not-included theory 
properly by introducing a formal Lagrangian, we derive the correct momentum relation 
in the future-not-included theory. 
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§1. Introduction 

Complex action theory (CAT) is one of the trials to extend quantum theories by allowing 
its action to be complex. With the expectation that the imaginary part of the action would 
give some falsifiable predictions, the CAT has been studied recently.®® So far various inter- 
esting suggestions have been made for Higgs mass,® quantum mechanical philosophy,® -EJ-EJ 
some fine-tuning problems,®'® black holes,® De Broglie-Bohm particle and a cut-off in loop 
diagrams™ Related to the CAT, integration contours in the complex plane^®p® complex 
Langevin equations^® and complexified solution setP^IG® have been also studied. 

In refP® in a system with a non-Hermitian diagonalizable bounded Hamiltonian H, 
introducing a proper inner produco and considering the long time development of some 
state, we effectively obtained a Hermitian Hamiltonian. We note that H is generically non- 
Hermitian, so it does not belong to a class of the PT symmetric non-Hermitian Hamiltonians, 
which has been intensively studied recently™ MiiMiSSiiM p or the details of the PT sym- 
metric non-Hermitian Hamiltonians, see the reviews^ J23J23J425J an j ^he references therein. 
In addition, non-Hermitian time-dependent Hamiltonians are studied in ref P*) In refP^ 1 in- 
troducing various mathematical tools such as a modified set of complex conjugate, real and 
imaginary parts, Hermitian conjugates and bras, complex delta function etc., we explicitly 
constructed non-Hermitian operators of coordinate and momentum, q new and p new , and the 
eigenstates of their Hermitian conjugates \q) n ew and \p) ne w for complex q and p by utilizing 
coherent states of harmonic oscillators. Indeed, \q), which obeys q\q) = q\q), is defined only 
for real q, i.e. the eigenvalue of the Hermitian q, so q is not allowed to be complex unless q 
is extended to a non-Hermitian operator. Only in our complex coordinate formalism can we 
deal with complex q and p. This formalism would be a part of proof of consistency in using 
complex q and p in contours of integration for WKB approximation etc. in the usual real 
action theory (RAT). In refP^ using this formalism we explicitly examined the momentum 
and Hamiltonian in the CAT via the Feynman path integral (FPI). We studied the time 
development of some ^-parametrized state, which is a solution to a kind of an eigenvalue 
problem of a momentum operator. Finding the value of £ that gives the largest contribution 
in FPI, we derived the momentum relation p = mq and Hamiltonian. 

The future-included theory, i.e. the theory including not only a past time but also 
a future time as an integration interval of time, was studied in ref.® The authors of ref.® 
introduced the future state \B{T B )) at the final time T B = oo as well as the past state \A{Ta)) 
at the initial time Ta = — oo. The states \A{Ta)) and \B{T B )) time-develop according 
to the non-Hermitian Hamiltonians H and H B = H\ respectively. The authors of ref.® 



Similar inner products were studied also in refsP^'Q^'Q^ 1 



speculated a correspondence of the future-included theory to the future-not-included one, 
i.e.(6) BA ~ (6) AA , where (6) BA = {B { ^^\ (0) AA = ^fflff , and t is the present 
time. In the RAT the matrix element (0) BA is called weak value^ and has been intensively 
studied. For the details of the weak value, see the reviews^ 'k^'^'^ and the references 
therein. In reis™^ we investigated (0) BA carefully, and found that if we regard it as 
an expectation value, then we obtain the Heisenberg equation, the Ehrenfest's theorem and 
a conserved probability current density. This result strongly suggests that we can regard 
(0) BA as the expectation value in the future- included theory. Furthermore, using both 
the complex coordinate formalism^* and the automatic hermiticity mechanism,^ ^ i.e., a 
mechanism to obtain a Hermitian Hamiltonian after a long time development, we obtained 
a correspondence principle that (0) BA for large Tb —t and large t — Ta is almost equivalent 
to (0)q A for large t — Ta, where Q' is a Hermitian operator which is used to define a proper 
inner product. Thus the future-included theory is not excluded though it looks exotic. 

As for the momentum relation, in refJ® we obtained (p n ew) BA — rn -^(Qnew) BA i n the 
case of the future-included theory. This is consistent with the momentum relation p = mq, 
which we derived via FPI in refP*' But how about it in the future-not-included theory? 
In the future-not-included theory (q new ) AA and (p new ) AA are real, if we replace q new and 
Pnew with Hermitian q and p respectively. On the other hand, mq is complex because m is 
complex. Thus we encounter a contradiction. This is quite in contrast to the case of the 
future- included theory, where {q new ) BA and (p new ) BA are complex even if q new and p new are 
replaced with q and p respectively, so we do not have such a contradiction. This fact suggests 
that the momentum relation p = mq is not valid in the future-not-included theory. 

Thus we are motivated to examine the momentum relation in the future-not-included 
theory. In this paper studying the time development of (0) AA we argue that the momentum 
relation in the future-not-included theory is not given by p = mq but by another expression 
p = m e sq, where m e g- is a certain real mass. Moreover, since the effect of the ant i- Hermitian 
part of the Hamiltonian is suppressed in the classical limit, we claim that classical theory 
of the future-not-included theory is described by the real part of the non-Hermitian Hamil- 
tonian or a certain real action S e Q. In addition, we present another way to understand the 
time development of the future-not-included theory by utilizing the future-included theory. 
Furthermore, we discuss how we can utilize the method studied in ref™ to obtain the 
correct momentum relation in the future-not-included theory. In the method we analyze 
the time development of ^-parametrized state in a transition amplitude from initial time to 
final time, where the present time t is supposed to be between the initial and final times. 
This is the case for the future-included theory, but not for the future-not-included theory. 
Therefore, to apply the method to the future-not-included theory properly, we introduce a 



formal Lagrangian by rewriting the transition amplitude in the future-not-included theory 
(A(t)\A(t)) into such an expression as (B(t)\A(t)), which is the transition amplitude in the 
future-included theory. We argue that using this formal Lagrangian in the method we obtain 
p = m e gq, the correct momentum relation in the future-not-included theory. 

This paper is organized as follows. In section 2 we review the complex coordinate for- 
malism proposed in refP-^ In section 3 following refP^ 1 we explain the method to derive the 
momentum relation p = mq via Feynman path integral. In section 4 based on ref.^ we show 
that (0) BA behaves as if an expectation value of some operator O in the future-included 
theory. Also, we obtain the relation (p new ) BA = m-^(q new ) BA , which is consistent with the 
momentum relation obtained in refP^ 1 In section 5 studying (0) AA we obtain the momentum 
relation in the future-not-included theory, p = m e sq. Moreover, we argue that the classical 
theory is described by a certain real action S e s- Furthermore we provide another way to 
understand the time development of the future-not-included theory by making use of the 
future-included theory. In section 6 we apply the method of ref.^ to the future-not-included 
theory properly by introducing the formal Lagrangian, and derive the momentum relation 
in the future-not-included theory, which is consistent with that derived in section 5. Section 
7 is devoted to discussion. 

§2. Complex coordinate formalism 

In this section we briefly review the complex coordinate formalism that we proposed in 
ref.^ so that we can deal with complex coordinate q and momentum p properly not only 
in the CAT but also in a real action theory (RAT), where we encounter them at the saddle 
point in WKB approximation, etc. 

2.1. Non-Hermitian operators q new and p new , and the eigenstates of their Hermitian conju- 
gates \q) new and \p) new 

We can construct the non-Hermitian operators of coordinate and momentum, q new and 
pnew, and the eigenstates of their Hermitian conjugates \q) new and \p) new such that 

qLMnew = q\q)new, (24) 

Pnew\p)new=p\p)new, (2-2) 

[Qnew , Pnew] ^/i, yZ'Oj 

for complex q and p by formally utilizing two coherent states. Our proposal is to replace 
the usual Hermitian operators of coordinate and momentum q, p, and their eigenstates \q) 
and \p), which obey q\q) = q\q), p\p) = p\p), and [q,p] = ih~ for real q and p, with q new , p new , 



\q)new and \p) new . The explicit expressions for q new , p new , \q) new and \p) new are given bjO 
q new = (q - iep) , (24) 

p new = = (p + ie'g) , (2-5) 



|P)ne^(^)%--^> 2 |i^,U, (2-7) 

where \X) C oh is a coherent state parametrized with a complex parameter A defined up to 
a normalization factor by \X) co h = e Xa |0) = X]^Lo7=il n )> anc ^ ^h* s satisfies the relation 
a|A) co h = A| A) co / 1 . Here a = y^iQ + ^P) and a^ = \/ ^ (q — i € P) are annihilation and 

creation operators. In eq. ()2-7p |A) co / l / = e Xa ' |0), where a'' is given by a'' = W|^ (g — z^-), is 
another coherent state defined similarly. Before seeing the properties of q newi pnew, \q)new, 
and \p)new, we define a delta function of complex parameters in the next subsection. 

2.2. The delta function 

We define V as a class of distributions depending on one complex variable q 6 C. Using 



a function g : C — > C as a distribution**- 1 ! in the class V, we define the following functional 
G 



G[f] = / f(q)g(q)dq (2-8) 

for any analytical function / : C — > C with convergence requirements such that / — > for 
g —7- ±oo. The functional G is a linear mapping from the function / to a complex number. 
Since the simulated function g is supposed to be analytical in q, the path C, which is chosen 
to run from — oo to oo in the complex plane, can be deformed freely and so it is not relevant. 
As an example of such a distribution we could think of the delta function and approximate 
it by the smeared delta function defined for complex q by 



, /( , y ) = ( >> y )^/JLe-£, (2-9) 



*' For simplicity we have replaced the parameters mui and m'uj' used in refP-3 with - and e'. 
**) We recently noticed that another complex distribution was introduced in refpS It is different from 
ours in the following points: the complex distribution in ref.pSJ where g(q) is supposed to have poles, is 
not well-defined by g(q) alone, but needs the indication of which side of the poles C passes through. On 
the other hand, in our complex distribution we assume not the presence of poles of g(q) but / not being a 
bounded entire function. 



where e is a finite small positive real number. For the limit of e — > g(q) converges in the 
distribution sense for complex q obeying the condition 



L(q) = (Re(g)) 2 - (Im(g)) 2 > 0. 
For any analytical test function f(qjLj\ and any complex q this 8 e c (q) satisfies 

f(q)$ e c ((l-<lo)dq = /(g ), 



(2-10) 



(2-11) 



c 



as long as we choose the path C such that it runs from — oo to oo in the complex plane and 
at any q its tangent line and a horizontal line form an angle 9 whose absolute value is within 
| to satisfy the inequality (I2-I0p . An example of permitted paths is shown in figJH and the 
domain of the delta function is drawn in figEJ 
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Fig. 1. An example of permitted paths 



Next we extend the delta function to complex e, and consider 



8 e c {aq) 



4ne 



-e-^? 



(2-12) 



*> Because of the Liouville theorem if / is a bounded entire function, / is constant. So we are considering 
as / an unbounded entire function or a function that is not entire but is holomorphic at least in the region 
on which the path runs. 
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Fig. 2. Domain of the delta function 



for non-zero complex a. We express e, q, and a as e = r e e te % q = re te , and a = r a e %Qa . The 
convergence condition of 8 e c {aq): Re ( ^7-) > is expressed as 



.l + l(0 e -2O a )<O<~ + ±{e e -2O a ), 



3 -K+ 1 -(e e -26 a )<6< 5 -n+ 1 -( 



29 n 



(2-13) 
(2-14) 



For q, e, and a such that eqs. (12- 13]) (12- 141) are satisfied, Sl(aq) behaves well as a delta function 
of aq, and we obtain the relation 



sign(Rea) 4, 



(2-15) 



where we have introduced an expression 

sign(Rea) = 



1 for Rea > 0, 
-1 for Rea < 0. 



(2-16) 



2.3. New devices to handle complex parameters 

To keep the analyticity in dynamical variables of FPI such as q and p, we define a modified 
set of a complex conjugate, real and imaginary parts, bras and Hermitian conjugates. 



2.3.1. Modified complex conjugate *{} 

We define a modified complex conjugate for a function of n-parameters /({ai}i=i,...,n) by 

/(R} i=1; ..., n )*W^> = FttaiheA, R Ua), (2-17) 

where A denotes the set of indices attached to the parameters in which we keep the analyt- 
icity, and * on / acts on the coefficients included in /. For example, the complex conjugate 
* q>p of a function f(q,p) = aq 2 + bp 2 is written as f(q,p)* q ' p = a*q 2 + b*p 2 . The analyticity 
is kept in both q and p. For simplicity we express the modified complex conjugate as *{}, 
where {} is a symbolical expression for a set of parameters in which we keep the analyticity. 

2.3.2. Modified real and imaginary parts Re{}, Iul.q 

We define the modified real and imaginary parts by using *{}. We decompose some 
complex function / as 

/ = Re {} / + iIm {} /, (2-18) 

where Re{}/ and Ini{}/ are the "{}-real" and "{}-imaginary" parts of / defined by 

Re {} /=^— , (2-19) 

f - f*o 
Im {} / = *—£—■ (2-20) 

For example, for / = kq 2 , g-real and g-imaginary parts of / are expressed as Re g / = Ke(k)q 2 
and lvd q f = lm(k)q 2 , respectively. Especially, if / satisfies /*<> = /, we say / is {}-real, 
while if / obeys /*<> = — /, we call r purely {}-imaginary. 

2.3.3. Modified bras m ( \ and {}( |, and modified Hermitian conjugate fn 

For some state |A) with some complex parameter A, we define a modified bra m (A| by 

m (A| = (A*| (2-21) 

so that it preserves the analyticity in A. In the special case of A being real it becomes a usual 
bra. In addition we define a slightly generalized modified bra t\( \ and a modified Hermitian 
conjugate |n of a ket. For example, UjV {u\ = u (u\ = m (u\, (\u)Y u ' v = (\u)Y u = m (u\. We 
express the Hermitian conjugate fn of a ket symbolically as (| ))*o = {}( |. Also, we write 
the Hermitian conjugate fn of a bra as ({}( |)'0 = | }. Hence for a matrix element we have 
the relation {} (u\A\v)*o = {} (v\A*\u). 

2.4. Properties of q new , p ne w, \q)new an d \p)new, o,nd a theorem for matrix elements 

The states \q) new and \p) new are normalized so that they satisfy the following relations, 

q'\q)ne W = 5?(q'-q), (2-22) 

P'\p)ne w = rt(p'-P), (2-23) 



m\new 



m\new 



S 



where ei = y~7 and e' x = jz^j- We take e and e' sufficiently small, for which the delta 
functions converge for complex q, q', p, and p' satisfying the conditions L(q — q') > and 
L{p—p') > 0, where L is given in eq. f)2-10l) . These conditions are satisfied only when q and q' 
or p and p' are on the same paths respectively. Eqs. (!2-22[) (12-231) represent the orthogonality 
relations for \q) new and \p) new , and we have the following relations for complex q and p: 



dq\q)new m(ne W q\ = 1, (2-24) 

C 

dP\P/new m\newP\ = -L, yZ-Zu) 

'C 

d 

Pnew\Q)new = ih^~\q)new, (2-26) 

h d 

QnewlP) new = ~~fT~ \P)newi l^'^'J 

1 ( % 

m\new 1\f/new 



q\p)new = -y== exp ( -pq ) . (2-28) 



Thus g^ eu; , Pn ew , \q)new and |p) ne iu with complex q and p obey the same relations that q, p, 
\q), and \p) with real q and p satisfy. In the limits of e — > and e' — >• (^(g' — g), 5c 1 (p' — p) 
and exp (!£><?) in eqs.( l2-22|HI2-23p ( 12-28p are well-defined as distributions of the type V. For 
real q' and p', \q') ne w and \p') ne w become \q') and \p') respectively. Also, for them, q^^ and 
Pn ew behave like q and p respectively. In addition we have the following theorem. 

Theorem 1: The matrix element m ( new q' or p'\0{q new ,q ] new ,p new ,p ] new )\q" or p") new , where 
O is a Taylor-expandable function, can be evaluated as if inside O we had the hermiticity 
conditions q new ~ q\ ew ~ q and p new ~ p^ e ^ ~ p for g', g", p', p" such that the resulting 
quantities are well-defined in the sense of distribution. 

This theorem is understood by noticing that such a matrix element can be expressed as the 
summation of the products of factors made of q', p', q", p" or their differential operators and 
distributions. Thus we do not have to worry about the anti-Hermitian terms in q new , qn ew , 
p new and Pn ew , provided that we are satisfied with the result in the distribution sense. 

§3. The method to derive the momentum relation via Feynman path integral 

We briefly explain how we derived the momentum relation in refP^ 1 



3.1. The derivation of the momentum relation and the Hamiltonian 

The Feynman path integral (FPI) in the complex action theory (CAT) is described with 
the following Lagrangian - a typical example for a system with a single degree of freedom -, 

L{q{t),q(t))= l -mq 2 -V{q), (3-1) 

where V(q) = ^2^ =2 o n q n is a potential term. For our later convenience we decompose V 
and L as V = Vr + iVi and L = Lr + iLj, where Vr, Vj, Lr and Li are given by 



V R = Re q (V) = J2^b n q n , (3-2) 



n=2 
oo 



V I = lm q (V) = J2 lmb nQ n , (3-3) 

n=2 

L R = Re q (L) = ^m R q 2 - V R (q), (34) 

L I = lm q (L) = ^m I q 2 -V I (q). (3-5) 

Here Re q and Im g are introduced in eqs. (12- 19j) (12-201) . and we have decomposed m into its 
real and imaginary parts asm = itir + imj. 

We consider the functional integral L, es J L (i>$ dt T)q by discretizing the time direction 
and writing q as q= + ^~ , where dt is assumed to be a small quantity. Since we use the 
Schrodinger representation for wave functions, to avoid the confusion with the Heisenberg 
representation we introduce the notations q t = q(t) and qt+dt = q(t + dt), which we regard as 
independent variables. We suppose that the asymptotic values of dynamical variables such 
as q and p are on the real axis, while parameters such as m and b n are complex in general. 
The path C denotes an arbitrary path running from — oo to oo in the complex plane, and 
we can deform it as long as the integrand keeps the analyticity in q and p. To prevent the 
kinetic term in the integrand from blowing up for q — > ±oo along real axis we impose the 
condition mj > on m. 

In FPI the time development of some wave function m ( new q t \4>{t)) at some time t to 
t + dt is described by 

m ( new qt+dt\i>{t + dt)) = J e^ AtL{qA) m ( new q t \4>{t)}dq t , (3-6) 

Jc 

where L(q, q) is given by eq. f)3-ip . and C is an arbitrary path running from — oo to oo in the 

complex plane. In refP^ to derive the momentum relation p = ^, we considered some wave 

function m ( new q t \£) that obeys 

h d 

m\new Qt\Pnew\C,/ ~£) m\new Qt\t,) 

I oq t 

10 



= -jy Iqt,— jj-^Jminew ft|£)i ( 3 ' 7 ) 

where £ is any number. Since the set {|£)} is an approximately reasonable basis which has 
roughly completeness 1 ~ f c ^\0 m( an ti £| and orthogonality m (anti £|£') ~ 5 C (£ — £'), 
where m (anti £| is a dual basis of |£), we can expand the wave function m ( new q t \tp(t)) into a 
linear combination of m ( new qt\£) as 

m{new Qt\^{t)) — <% m{new qt\0 m(anti £|V>(*)) 

Jc 

= / <% m(new q t \^(t))\^. (3-8) 

Then solving eq. (j3-7j) we obtain 



qt+dt\4>(t + dt))\( = \l m (anti£|^(t))exp 

m 



im , 2 



2Mt 



Klt+dt S 



uc - Q t+dt ) - £ — (-») V 6 ™ — ^ — 



\ m ) h d£ r 

n=2 v 7 s 



(3-9) 



Since m ( ne to 9t+d*|V'(* + ^))k * s ec L ua l to the linear combination of S c (q t +dt — £) and its 
derivative, only the component with £ = g i+ dt contributes to m ( new qt+dt\4>(t + dt)). Thus we 
have obtained the momentum relation in the sense of eg. (13 -71) . 

dL 

p = — — = mq. (3-10) 

oq 

Furthermore, we can estimate the right-hand side of eq.f !3-6p explicitly as follows, 
qt +d Mt + dt)) = [ <% [ dq t e* ML( -i>ti m ( new q t \0 m (anti CIV»(*)> 



m\new 

JC JC 



qt+dt\exp [--Hdt |^(*)>, (3-H) 



m\new htum — sr i »- - 

m \ n 

where H is given by 

# = H(q new ,p new ) = -—{pnewf + V(q new ). (3-12) 

zm 

Thus starting from eq.( l3-6p we have found that the Hamiltonian H has the same form as 
that in the RAT. 



11 



3.2. The derivation of the Lagrangian and momentum relation 

Following refP^ we derive the Lagrangian and momentum relation. We analyze the 
transition amplitude from an initial state \i) at time U to a final state |/) at time tf, which 
is written as 

(fle-rMf-^lt) 

dq± ■ ■ ■ dqN (f\qN)new m\new QN\e h \QN-l)new m\new QN-l\ ' ' ' \Q2)new 



C 



i I ^_ it f\+ I \ / I ■ \ 

* m\new H2\" ' \Ql) new m\new yl|*/i 



(3-13) 



where we have divided the time interval tf — U into N — 1 pieces whose interval is At - - — - 



N-l ' 



and defined <jj by qj = qj+ ^ t 9j ■ Then since m { ne w qj+i\e hHAt \qj) n ew is rewritten as, 



m\new 



q 3+ i\e-^ m - A - )At \ q] ) new = [ d Pj e-* H ^ At m ( new q j+l \ Pj ) 

Jc 



new m \new 



Pj\Qj)i 



dpj 



exp 



-AtL( Pj , qj , qj ] 



(3-14) 



where L(pj, qj, qj) is given by 



L iPj,Qj, Qj) = PjQj ~ H(Pj, Qj 

1 , . N 2 I 



— fa-mqj) +-171^ -V(qj), 



(3-15) 



the transition amplitude (f\e h H ^f tl '\i) is estimated as 
(/|e-^(*/-'*)|i) 



dpi dp 



N-l 



dqi---dq N (f\q N ) 



c 27rh 2nh 
VpVq if}f(q f )* q ftp i (q i )exp 



new m \new 



qi\i)exp 



N-l 



J2^tL{ Pj ,q vqj ] 






dtL(p, q, q) 



(3-16) 



where in the second equality we have introduced % = gi and qj = q^. We perform the 
following Gaussian integral around the saddle point pj = mqj, 



dpj 
2nh 



cxp 



h 



^ tL (Pj,Qj,Qj) 



d Pj 
2%h 



exp 



i f 1 1 

h At 1 ~2^ ( pj ~~ m ^ 2 + 2 m(ij2 ~ v ^ 



III 



2-KihAt 



exp 



h 



AtL(qj,qj) 



(3-17) 



where L(qj, qj) = \mqj — V(qj). Thus we have obtained the momentum relation (13- 101) and 
the Lagrangian (13-11) . 
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§4. Properties of the future-included theory 

4.1. Future-included theory 

Improving the definition given in ref.P in ref.^ based on the complex coordinate for- 
malism^ we introduced \A(t)) and \B(t)) by 

Ml) = m (ne W q\A(t)) = J e^A to «(p^)£)path, (4-1) 

J path(t)=(jr 

Mq)* q = (B(t)\q) new = f e^ *° ^(P^Dpath, (4-2) 

J path(4)=g 

where path(t) = q means the boundary condition at the present time t, and T^ and T# are 
taken — oo and oo respectively. \A(t)) and \B(t)) are supposed to time-develop according to 

ihf t \A(t)) = H\A(t)}, (4-3) 

ihj t \B(t)) = H B \B(t)), (4-4) 

where Hb = H^. 

The authors of refP speculated that the following matrix elemento of some operator O 



n A _ (B(t)\0\A(t)} 



K } (B(t)\A(t)) { ] 



corresponds to the expectation value in the future-not-included theory, 



, A _ (A(t)\0\A(t)) 



<°> =1I5P#< (4 ' 6) 

i.e. (0} BA ~ (0) AA . In ref.®'^ we investigated (0} BA carefully. Using both the complex 
coordinate formalismpZJ 1 and the automatic hermiticity mechanism] Q2J>E3 i. e . ; a mechanism 
to obtain the Hermitian Hamiltonian after a long time development, we obtained a corre- 
spondence principle that (0) BA for large Tg — t and large t — T& is almost equivalent to 
(0)q A for lar ge t — Ta, where Q' is a Hermitian operator which is used to define a proper 
inner product £ 



We note that (0) BA is not an expectation value but a matrix element in a usual sense. 

But in ref ™ we found that if we regard it as an expectation value in the future-included 

theory, then we obtain the Heisenberg equation, the Ehrenfest's theorem and a conserved 

probability current density. This result strongly suggests that we can regard ((D) BA as the 

expectation value in the future-included theory. 

*) In the RAT the matrix element ((D) BA is called weak value^ and has been intensively studied. For 
the details of the weak value, see the reviews^ 'ED'E3'E2J and the references therein. 

**' In this paper we are not involved in the proper inner product, which is defined by making the Hamil- 
tonian normal, for simplicity because it does not have an essential role in the study of this paper. 
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4.2. Heisenberg equation and Ehrenfest's theorem 
In ref™ we denned the Heisenberg operator, 

6g(t, t re{ ) = exp (~H{t - t rcf ) J Oexp (-~H(t- t rcf ) J , (4-7) 

where H is given in eq. (!3-12j) and t Ie { is some reference time chosen arbitrarily such that 
Ta < t rc f < Tb- This Heisenberg operator, which appears in the numerator of (0) BA as 
(B(t)\6\A(t)) = (B(t Tei )\d f J(t,t iei )\A(t ie ()), obeys the Heisenberg equation 

fdS(t,t Tei )= Z -[H,dS(t,t Tei )}. (4-8) 



In addition, since ((D) BA obeys 

d 



dt (0) BA = (-[H,Or A , (4-9) 



we obtain 



^(qne W ) BA = -(Pne W ) BA , (440) 

at m 

^(Pne W ) BA = -(V'(q new )) BA , (441) 

at 

and the Ehrenfest's theorem, mj^(q new ) BA = — (V'(q new )) BA . Thus (0} BA provides the time 
development of the saddle point for exp(IS'). Since eq.( l4T0p is consistent with eq. fl3-10[) . 
eq.f )3-10p is confirmed to be the momentum relation in the future-included theory. 

§5. Properties of the future-not-included theory 

5.1. Heisenberg equation and Schrodinger equation 

Following refs™'^* we explain the time development of ((D) AA given in eq. ()4-6p . Intro- 
ducing a normalized state \A(t))N by 

\A(t)) N ^^=^==\A(t)}, (5-1) 

we express (0) AA as 

(6) AA = N (A(t)\6\A(t)) N 

= N (A(t )\6 f H m (t,t )\A(t )} Nj (5-2) 

where we have introduced the Heisenberg operator 0# (£, to) by 

^ M(Mo) S W)^ 6 ^' 10 ' 66 '^' 101 (5 ' 3) 
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This operator O^\t,to) obeys the slightly modified Heisenberg equation 

d 

i— 

dt 



i4w^) = W*,*)*-#W**)-um*m)Wt*) 



= [6 H n \t,t ),H h ] + {d f H n \t,t ),H a - N (A(t)\H a \A(t)) N } , (54) 

where Hh and H a are Hermitian and anti-Hermitian parts of H respectively. We note that 
eq. (|5-4|) is more complicated than the Heisenberg equation in the future-included theory, 
eq. f!4-8p . In addition, \A(t)) N obeys the slightly modified Schrodinger equation, 

ihj t \A(t)) N = H\A(t)) N - N (A(t)\H a \A(t)) N \A(t)) N 

= H h \A(t)} N + (H a - N (A(t)\H a \A(t)) N ^j \A(t)} N . (5-5) 

5.2. Classical limit of the future-not-included theory 

As we pointed out in refs. DU'ED eqs. f!5-4p (15-51) suggest that the effect of the anti-Hermitian 
part of the non- Hermitian Hamiltonian H disappears in the classical limit, though the theory 
is defined with H at the quantum level. To see this in terms of the expectation value ((D) AA , 
utilizing eq. f)5-5p we give the following expression, 

ihj t (6) AA = ([6, H h ]) AA + (F(6, H a )) AA , 

~([d,H h ]) A ® A ®, (5-6) 

where F(<D, H a )(t), a quantum fluctuation term given by 

F(6,H a )(t) = {6,H a -(H a ) AA } 

'd-(6) AA ,H a \, (5-7) 



disappears in the classical limit, so we have used the relation (F(0, H a )) AA ~ 0. 
Substituting q new and p new for O in eq.f )5-6p . we obtain 

-(q new ) AA ~ -({q newi H h ]) AA 

L iPne W ) AA , (5-8) 



m eS 



!Ll% \ AA ~ t\% H h ]) AA 

,,\l J new/ — \[l J new) ±J -h,\l 

* -(V^q n e W )) AA , (5-9) 

where in the last line of each relation m e g and Vr are given by 

2 

rrij 

m eS = m R ^ (5-10) 

m R 
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and eg. (13-21) . and we have taken into account the theorem 1 given in subsection 12.41 and 
used the approximation that q new ~ q and p new ~ p. Since eq.( )5-8p suggests the following 
momentum relation, 

p = m eS q, (5-11) 

we claim that this is the momentum relation in the future- not-included theory. Eq.( l5-llj) 
is different from eq. (13-lOj) . which is confirmed to be the momentum relation in the future- 
included theory. But, in the future-not-included theory, where both (q new ) AA and (p new ) AA 
are real for q new and p new replaced with Hermitian q and p respectively, eq. (13-lUp is inconsis- 
tent because m is complex. On the other hand, we do not encounter such a contradiction for 
eq.f )5-lip in the future- not-included theory, because m e s is real. Therefore we conclude that 
the momentum relations in the future-included and future-not-included theories are given by 
eqs.f l3-10"|)fl5-lip . respectively. Then, one may have a question why the method of refP*' to 
derive eq. (l3-10p . which was explained in section |3j does not work in the future-not-included 
theory. Later in section 6 we will come back to this point and explain that the method works 
even in the future-not-included theory and provides eq. (15-11)) , if it is properly applied to the 
future-not-included theory. 

Combining eq.( l5-8j) with eq. (I5 9j) . we obtain the Ehrenfest's theorem, 

d 2 
m cE —{q new ) AA ~ -(V R (q new )) AA , (5-12) 

which suggests that the classical theory of the future-not-included theory is described by not 
a full action S but S e ^ defined by 

S eS = / dtL cS , (5-13) 

Jt a 

Les{q, q) = -m cS q 2 - V R (q). (5-14) 

Here we note that L e s is different from L R given in eq. f)3-4p . Thus we claim that the classical 
theory of the future-not-included theory is described by 8S e s = 0. Then the momentum rela- 
tion given in eq. ( 15-lip is rewritten as p = —^ . This is quite in contrast to the classical theory 
of the future-included theory, which would be described by 5S = 0, where S = J T B dtL, and 
the momentum relation is given by eq. fl3-10p . In addition, the classical Hamiltonian in the 
future-not-included theory is given by 

H R = Re q H = -^—p 2 + V R (q), (5-15) 

2m cff 

where H R is the q-real part of the classical Hamiltonian H = ^p 2 + V(q), which is given by 
replacing q new and p new with q and p respectively in H. In reisW*^ introducing a proper 
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inner product so that the eigenstates of H are orthogonal to each other and considering a 
long time development, we obtained a Hermitian Hamiltonian. But now without using the 
automatic hermiticity mechanism we have obtained a real Hamiltonian in the classical limit. 
This is an intriguing property of the future-not-included theory, though restricted to the 
classical limit. We make a comparison between the future-included and future- not-included 
theories in table HI 

Table I. Comparison between the future-included and future-not-included theories 





future-included theory 


future-not-included theory 


action 


S = Jj dtL 


S = f T dtL 


"expectation value" 


(A\BA _ (B{t)\0\A{t)) 
\ U I ~ (B(t)\A(t)) 


in\AA _ (A{t)\0\A(t)) 
\ U / - (A(t)\A(t)) 


time development 


= ([0,H]) BA 


ihf t (6) AA 

= ad, H h \) AA + ({a - (6) aa , H a ]) AA 

~{[6,H h ]) AA 


classical theory 


5S = 


$S c s = 0, S c {[ = J Ta dtL e g 


momentum relation 


p = mq 


p = m eS q 



5.3. Another method to see the time development of {0) AA by re-choosing the B state 

The quantity {(D) BA in the future-included theory behaves as an expectation value though 
its looking is a matrix element, and it time-develops according to a very simple expression 
of eq. (!4-9j) . On the other hand, the expectation value (0) AA in the future-not-included 
theory time-develops more complicatedly at the quantum level with the additional term 
(<O.H a — (H a ) >) AA , as seen in eq. (15-6J) . Hence we are motivated to study whether we 
can simplify the description of the time development of (0) AA by rewriting it formally in 
the expression of the future-included theory and utilizing the simple time development of 
the future-included theory. Even if we cannot make it simpler, it would be interesting 
to reproduce and understand the time development of the future-not-included theory from 
a different point of view via the future-included theory. At least this would become a 
consistency check of the theory, and we could claim that the future-included theory can 
be used as a mathematical tool to compute the time development of (0) AA . Therefore, in 
this subsection, we try to describe the time development of the expectation value of the 
future-not-included theory (0) AA by making use of the future-included theory. 

We begin with putting the condition 



(q\B(t)) = (q\A(t)) 



(5-16) 



17 



on the B state at some time tu\ We call it "re-choosing" of the B state. Expressing the B 
state re-chosen at t as \B t (t')), where t' is a formal time to allow the time-development as a 
B state, we have the following relation for the time t, 

\B t (t)) = \A(t)}. (547) 

Then eq. (I4-6|) is rewritten as 

0AA _ (B t (t)\Q\A(t)} = 0BtA 

{ } " (Bt(t)\A(t)) - {U) (518) 

for each t. In a realistic future-included theory it would be a very strange accident if we have 
the relation of eq. (!5-16|) even at one time. Hence the re-choosing cannot be taken seriously. 
We just look for some formal rule to use the future-included theory as long as possible but 
to obtain the future- not-included theory as our result. 
The re-chosen B state \B t (t')) obeys 

ihj t \B t {t)) = H\B t (t)}, (5-19) 

ih^\B t {t>))=tf\B t {t>)) ) (5-20) 

which come from eqs. fj4-3|)f|4-4j) respectively. Using eqs. (j5- 17j) (J5-20J) we can calculate the time 

derivative of \A{t)) as 

^)> = (|i*(0>)i«-i^ia.w>. (5-2D 

Since eq. ()5-20j) provides the expression 

\B t {t')) = e-W-V\Bt(f)) = e-W-OlBt®), (5-22) 

we obtain 

||5 f (i')> = \ (H'\B t (t')) - e-W-OHWt))) ■ (5-23) 

For t' = t this is expressed as 

«n^|Bt(0>)k=* = (^-fl + )|St(0>lf=. 

= 2H a e-i H ^-^\B t (f)), (5-24) 



*) We cannot simply put eq. (l5-16p except for at one value of t, because the states |A(i)) and \B(i)) 
time-develop differently according to eas. (|4-3l)(|4-4l) respectively. 



where the left-hand side is rewritten as 



ih {wt { e ~ lHHt '~ t " ) \ B ^")))} 1*=* = e-^-^ih^m")). (5-25) 

Therefore, we obtain 

ih^\B t {t")) = U^ t 2H a Ut»,t\B t {t")), (5-26) 

where we have introduced 

^V = e-^-<">. (5-27) 

Next we calculate the time derivative of (0) AA , 



. {d) M, m) = » {d) B, m «<) | ( ,_ ( + »(()).«(] |,, = „ (5 .28) 



where (O)^ 1 ')^ 1 ') = /g2li L/J is formally a good classical solution in the future-included 
theory for each t' as long as equation of motion is considered. Indeed the second term of 
eg. ( 15 -281) is expressed as 

{^0) Bt{t ' )A{t,) } U>=t = t([H,6]) B ^%,= t . (5-29) 

On the other hand, the first term of eq. (15-281) does not become a simple expression. We can 
rewrite this by utilizing eq. ( 15-261) as follows, 

j| (d)a «w>} ^ = {_|_^_ w0| ^. wj) t dw0> 

a (B t (t')\6\A(t') 

ft ((B t (t')\A(t'W 



+ g wS!f'^» woi^.wi)'iA(o> > i,- 



= I [~([d,H a ]) A ® A ® + ({d-(d) A ^ A ^\H a ^) A ^ A ^ 

(5-30) 

Substituting eqs. ( 15-29]) (15-301) for eq. (15-281) . we obtain eq.( )5-6p . Thus we have shown that we 
can derive the time development of (0) AA the expectation value in the future- not-included 
theory by making use of the future-included theory. Especially we have explicitly seen that 
it is the first term of eq. ()5-28j) that provides the anti-commutator term, which disappears 
in the classical limit, besides the commutator ([O, H a ]) A ® A ®. As a result, this method is 
not so simple, but it would be interesting in the sense that this provides another way to 
understand the time development of the future-not-included theory. Indeed we have seen 
that the time development of (0) AA is expressed as the simple time development of (0) BA 
and slightly complicated correction due to the formal re-choosing of the B state. 

19 



§6. Reconsideration of the method to derive the momentum relation via 
Feynman path integral in the future-not-included theory 

In the foregoing sections we have seen that the momentum relation of eq. (13-lUp derived 
via FPI in ref P« is valid in the future- included theory, because it is consistent with eq. (14-1 Op , 
which was derived by looking at the time development of {q ne w) BA in the future- included 
theory. In eq. (15 -lip we obtained another momentum relation in the future-not-included 
theory by analyzing the time development of (q ne w) AA - Now one might have a question 
why the method of refP^ to derive the momentum relation via FPI, which was reviewed 
in section [31 is not valid in the future-not-included theory. The reason is as follows: In the 
method of refP^ 1 we analyzed the time development of ^-parametrized state in a transition 
amplitude from the initial time ij to the final time tf, where the present time t is supposed 
to be between ti and tf. Such a transition amplitude is similar to that in the future-included 
theory, which is written as 

(B(t)\A(t)} = (B(T B )\exp (~H(T B - T A )\ \A(T A )), (6-1) 

where the present time t is between T A and T B . On the other hand, in the future-not-included 
theory the transition amplitude is given by 

(A(t)\A(t)) = (A(T A )\exp (Lfr{t - T A )^ exp f- % -H(t - T A )^j \A{T A )), (6-2) 

so we have to consider a path starting from the initial time T A to the present time t, and 
also that going backward from t to T A . In this section we discuss how to apply the method 
of refP^ to derive the momentum relation via Feynman path integral, which was reviewed 
in section El to the future-not-included theory. 

6.1. Formal Lagrangian in the future-not-included theory 

To apply the method of refP^ to the future-not-included theory, we formally rewrite 
the transition amplitude (A(t)\A(t)) into another expression similar to (B(t)\A(t)), and 
introduce a formal Lagrangian Lf orma i. We argue that using this formal Lagrangian Lf orma i 
on behalf of the original Lagrangian L in the method of refP^ we obtain the momentum 
relation in the future-not-included theory, eq.f l5-ll|) . 

In the future- not-included theory we can rewrite eq. ()6-2p as the following path integral, 

1= [ Vq [ Vq'e-r^A *° «(«)*« e *Sr A - ^,J; A ( qTA ,T A )*^A^ A ( q ^ A ,T A ). (6-3) 

Jc Jc 

At an intermediate time t' such that T A < t! < t we would be allowed to use a kind of future- 
included formulation, because it looks as if there were a future for tl . But for the present time 
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time 



t there is no future but only the past, so we have to be careful about quantities at the 
t, especially q etc. Therefore, we transform I into the expression like a transition amplitude 
from the time T A to Tg by inverting the time direction of the transition amplitude from T z 
to t so that t becomes an intermediate time. For this purpose we express St a to t{q)* q as 



St a to t(q)* q = f dt'L(q(t'),q(t>)) 
Jt a 



Ta 
-T A +2t 

dt" ' L(q iormal (t" , t), -d t »qf orma ,i(t" , t))* q ^^i . 
where in the second equality we have changed the variable by 

t" = -t' + 2t, 
and introduced the formal coordinate (formal by 

qformal(t",t) = q(-t" + 2t) = q(t'), 
which has the time dependence of not only t but also t" and suggests 

q(t) = gformal(M)- 

Then / is written as 



(64) 



(6-5) 



(6-6) 



(6-7) 



dt'L(q'(t'),q'(t')) 



I = Vq' Vq {orma i exp 

Jc Jc" l n Jt a 

i r T B 
-- / dt"L(q iorma i(t",t),-d t nq {oima i(t",t))* qt orm a i 



x exp 



JtpA(q TA ,TA), (6-8) 

where C" is a contour of qt rmai(t", t), which is obtained by a reflection of C at t in the time 
direction, and J is given by 



J 



>c 



^formal ex P 



—T A +2t 



h 



■rmal 



'T B 



dt"L(q' ioTUl3l (t", t), -d t »q' iorm3l (t", t))***** 

[ dq' iormal (-T A + 2t, t) m(qL™i(-TA + 2t, t)\e-^- T * +2t - T ^\q' iorm£il (T B , t)) 
IC" 



x m (qLmA-TA + 2t,t)\A(T A ))}*<>L^ . 
Using the relation 



(6-9) 



Mor m A-TA + 2t,t)\e-^- TA+2t ' T ^\q' lorm ,i(T B ,t)) 
MorrnATB,t)\e-^- T ^ 2t - T ^\qi rmal (-T A + 2t,t)), 



(6-10) 
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we obtain a simple expression for J, 

J=(A(2t-T B )\q' otmal (T B ,t)) 
= MqLmAT B , t),2t- T B )*<^ . (6-11) 

We note that the time It — T B is not so far from Ta because we suppose T B ~ — Ta — oo. 
Expressing q'(t') for Ta < if < t as (formal (£',£) formally, we can rewrite the integral I as 

Id / "Cgformal exp - / dt' {-t{f - t) } ^formal (^formal 0' , t) , d t >q {oTmaX (t' , t) , t' - t) 

xt/m (formal {T B , t),2t- T B )*^^^ A ( q{ormal (T A , t),T A ), (6-12) 

where e(t) is a step function defined as 1 for t > and —1 for t < 0, and we have introduced 
the formal Lagrangian L formal by 

^formal ((formal (^ , t), Ot> (formal (t ,t),t — t) 
= Re-Jformal^formal^', t), ~e(t' ~ t)d t/ q iormal (t\ £)) 

-ie(t' - t)Im gformal L(g formal (t / ,t), -e(t' - t)d t ,q ioima i(tf,t)) 

= -"^formal (^ — t) ( ^i' ^formal ( ^ j 0) ~~ ^formal (<formal(£ > *) , £ — ^) • (643) 

Here mf orma i(t' — t) and T4ormai(?formai(^>^),^ — are formal mass and potential given by 

m-formal^' ~ t) = TTlR - ie(t' - t)m 7 , (644) 

Vformalt^formalO', t),t' ~t) = V R (q ioImaX (t' , t)) ~ ie(t' - t) V/(<formal(£', t)) . (645) 

In eq. (!642p we have defined Lf or mai by extracting the factor — e(t' — t), which is caused by 
the time reflection of eq. (!6-5j) . ^formal looks like a non-translational invariant Lagrangian 
depending on t', and t is just a selected point in time. Therefore, we normally have to think 
of if as the time in using I/formal- 

One may think that the transition amplitude of eq. (16- 2p can be expressed as 

(A(t)\A(t)} 
= (A(T B )\et H ^- T ^e-i H(t - T ^\A(T A )) 
= J VqVq'i;A(<lT B ,T B )*«e* s * *> *>. («>*« e * 5 *u - tW) M^T A )S{q t - q' t ) 

= fvqexp % -l B dt' {6{t - t')L(q) + 9{if - t)L(q)**} 



Vqexp 



T B 

i)A{.qT B ,T B )* q i) A (qT A ,T A ), 

T A 

rp 

MQt b ,T b T"MQt a ,T a ), (646) 



— / dt ^formal, 2 

hJ TA 
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where 9{t) = \{e{t) + 1) is a step function denned as 1 for t > and for t < 0, and Lformai, 2 
is given by 

formal, 2 (g(0, 9(*V " *) = Bje q L{q{t'), q(t')) - ie(t' - t)Im q L(q(t% q(t')). (6-17) 

We might think that this rewriting is also good for our purpose, but it is not the case, since 
in eq. f!6-16p only the half of the original path, i.e. the path going from T4 to t, is mapped 
onto the time interval [Ta,Tb] over which -Lf orma i, 2 is time-integrated. 

6.2. Momentum relation in the future-not-included theory 

Since we have found the formal Lagrangian Lf orma i, we try to obtain the momentum 
relation in the future-not-included theory by replacing L with Lf orma i in the method of refP^ 
Then we obtain the formal momentum Pf OT ma,i(t' , t) , 

dLf OTma \(qfo Tma \(t , t), <9f (/formal (£', t),t — t) 

"^formal (*' - £)<%' (formal^', t). (6-18) 



Pformall^ 5 (7 



Since d t /gf orma i could jump up around t' = t, we slightly take the time average of this around 
t' = t expecting a finite observation time. Thus the time derivative of q(t), which is given in 
eq. (16-7[) . is evaluated as 

-^q{t) - < ^ftormal^', *) > \t'=t 

t+At 

dt dt'q{ OTm3 i(t , t) 



2At , t _ At 



1,1 Pformal I, " > V 



2 At J t _ At m ioimaX (t' - t) 
~ — p(t), (6-19) 

where in the first equality we have used the relation 

{j^formal(£^)j|t'= 4 = 0, (6-20) 

which holds because (formal (£', t) is independent of t for t' <t and supposed to be smooth. In 
the second equality we have changed the expression into the time average of 9 t /gf orma i around 
t! = t. In the third and fourth equalities we have used eq. (j6T8p . and supposed that Pformai 
changes very little near t! = t, and m er r and p(t) are given by eq. (15T0p and 

P{t) = Pformal (*,*)• (6-21) 
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Thus we have succeeded in reproducing eq. fl5-ll[) . the momentum relation in the future-not- 
included theory, by utilizing the method of refP^ 1 Eq. fl6-19l) is consistent with eg. ( 15-81) . which 
was derived by analyzing the time derivative of (q ne w) AA - 

Finally we make a couple of remarks. If we naively average ^formal first, then we might 
expect the relation like p = rrinq, which is not right. It is <9 t /gf orma i, not Pformab that we should 
average because the former includes the derivative with regard to t', which could jump up 
around t' = t. Similarly, it is not reasonable to take the time average of Lformai because it 
includes d t >qf oima i(f,i), which we need to average separately. 

§7. Discussion 

In this paper, after reviewing the complex coordinate formalism,^ the method to derive 
the momentum relation via Feynman path integral (FPI)^ and some properties of the 
future- included theory studied in rei.™ we provided the momentum relation and classical 
limit in the future-not-included theory, which are different from those in the future-included 
theory. In section [2] we reviewed the complex coordinate formalism,^ which is a kind of 
generalized bra-ket formalism so that we can properly deal with complex coordinate q and 
momentum p. In section [3] following refP*' we reviewed the method to derive the momentum 
relation by analyzing the time development of ^-parametrized state via FPI, and obtained 
the momentum relation p = mq. In section H] based on ref J^ we saw that the quantity 
(0) BA behaves as if an expectation value of some operator O in the future-included theory, 
and derived the momentum relation {p new ) BA = rn ^{qnew) BA , which is consistent with that 
given in the previous section. 

In section Owe studied the future-not-included theory and saw that the expectation value 
(0) AA time-develops not so cleanly compared to (<D) BA because of the presence of an addi- 
tional anti-commutator term. But this anti-commutator term is a quantum fluctuation term, 
so it vanishes in the classical limit. Thus we obtained the relation (p new ) AA = r m'eS-^(q n ew) AA 
and claimed that p = m e frg is the momentum relation in the future-not-included theory. 
Moreover, we argued that classical theory of the future-not-included theory is described by 
not a full action S but a certain real action S e g, which is not the real part of S. This is 
quite in contrast to the future-included theory, whose classical theory is described by a full 
action S. Furthermore, in subsection 15.31 we offered another way to understand the time 
development of the future-not-included theory via the future- included theory. The above 
studies suggest that the method of refP** to derive the momentum relation via FPI is valid 
in the future-included theory, but not in the future-not-included theory. In ref. 28! we derived 
the momentum relation p = mq by considering a transition amplitude from some initial time 
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to final time, which is similar to the transition amplitude in the future-included theory, but 
not to that in the future-not-included theory. In section we provided a way to apply the 
method of refP*' properly to the future-not-included theory by rewriting the transition am- 
plitude in the future-not-included theory into another expression similar to the transition 
amplitude in the future-included theory and introducing a formal Lagrangian. Indeed we 
explicitly showed that we can derive the momentum relation p = m e sq in the future-not- 
included theory via this method. We summarized the difference between the future-included 
and future-not-included theories in table [I] 

Finally let us seek the possibility to define some sensible formal Hamiltonian in the future- 
not-included theory starting from the formal Lagrangian Lf orma i in the method of ref.p^ 1 
where we derived not only momentum relation but also Hamiltonian via path integral. In 
section[6]we provided a way to utilize the method by introducing Lf orma i- So if we use I/f orma i, 
we would obtain a formal Hamiltonian. Replacing L with Lf orm ai results in replacing m and V 
with m {oTma _i(t' — t) and Vf orma i(q(t') , t'—t) respectively in the expression of eg. (13-1 2p . Thus we 
would obtain a formal Hamiltonian, H ioimal (t' - 1) = 2m{OT Zi(t'-t) ^P new ^ 2 + ^ormai(&iew> t' - 1), 
where mf rmai(* / — t) and Vf oima \(q(t'),t' — t) are given in eqs. fl6- 14jl ( 16- 15jl respectively. But 
this Hamiltonian does not have a good physical meaning. We can see this by trying to 
introduce some formal state \if)(t' ,t))f or mab which time-develops according to the follow- 
ing formal Schrodinger equation ih-J^\tp(t',t)) ioima i = H foTma i(t' - t)\ip(t',i)) ioima i with an 
initial condition \i/j (T^,t)) formal = \A(Ta)}- Let us define some effective state \ip(t)) e g by 
|'0(O)eff — |?KM))formab where | tj)(t',t)) formal is supposed to be smooth in t' . Then tak- 
ing the time average of the formal Schrodinger equation, we would obtain the following 
effective Schrodinger equation, ih(-§- t \ifj(t)) cS - ^\ifj(t',t)) iovmal \ t '=t) = H eS \ifj(t)) cS , where 
|'0(*))eff obeys an initial condition |-0(T^)) e ff = \A(Ta)), and H e s is expressed as H eS = 
dw It- At ^'^formai^ ~ t) = 2^{f>new) 2 + V R (q new ) ~ H h . Here in the last equality expect- 
ing that this H e s is put in some matrix elements we have used the approximation <^ eu) ~ q new 
and p\ ew — pnew based on the theorem 1 given in subsection 12.41 The effective Schrodinger 
equation shows that H e g is not a Hamiltonian because we have the second term on the 
left-hand side, though the time average of H e s becomes the classical Hamiltonian in the 
future- not-included theory Hr, which is given in eq. f)5-15p . Therefore informal is not a sensi- 
ble Hamiltonian. It would be interesting if we could find some sensible formal Hamiltonian 
in the future, but practically we do not need this, because we know that the quantum Hamil- 
tonian of the future-not-included theory is H by definition, and also we found in this paper 
that the classical theory is described by Hr. 

Now that we have understood the general classical properties of the future-not-included 
complex action theory, it would be desirable to study the dynamics of the theory in some con- 
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crete model. We will work on both of the future-included and future-not-included theories, 
and report some progress in the future. 
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